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3D Scattering problem by small obstacles





Asymptotic assumption : δ  λ








Homogeneous & isotropic medium Ωδ
Perfect conductors of characteristic length δ
Time-harmonic Maxwell equations{
curl Eδ − iκ Hδ = 0 in Ωδ
curl Hδ + iκ Eδ = 0 in Ωδ
with κ2 = ω2µ(ε+ iσ
ω
), I(κ) ≥ 0
Boundary condition












For any Einc ∈ Hloc(curl ,Ωδ) there exist a unique solution (Eδ,Hδ) ∈ Hloc(curl ,Ωδ)2 to the
exterior Maxwell problem.










Locate heterogeneities, cracks, . . .
Characterize them
Figure: Small tumor detection1 Figure: Non-destructive testing2
1https://medcitynews.com/wp-content/uploads/2017/01/GettyImages-94456546-600x450.jpg
2https://tri-intl.com/wp-content/uploads/2017/07/NonDestructiveTesting.jpg
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Small defect theory
I Il’In (1992), Maz’ya-Nazarov-Plamenevskii (2000)
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Approximation of solution to single scattering
Method of matched asymptotic expansions
Domain decomposition
Local approximations










δ → 0δ → 0
Ω? Ω̂
Asymptotic expansions
Far field expansion in Ω? = R3 \ {0}
Near field expansion in Ω̂ = R3 \ B(0, 1)
related by an asymptotic process
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Asymptotic expansions
Near field expansion
Eδ(δX) ≈ Ê0(X) + δÊ1(X) + δ2Ê2(X) + . . .
Hδ(δX) ≈ Ĥ0(X) + δĤ1(X) + δ2Ĥ2(X) + . . .
Far field expansion
Eδ(x) ≈ δ3Ẽ3(x) + δ4Ẽ4(x) + δ5Ẽ5(x) + . . .




For an obstacle of arbitrary shape
Numerical solution of elementary problems independent of δ
I Near-field: quasi-static problems
I Far-field: time-harmonic problems + equivalent multipole distributions
For a spherical obstacle
I Analytical solutions of elementary problems
I Equivalent multipole distributions
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Near-field approximation: Spherical case
Close to the obstacle : quasi-static approximation















1,n , . . . ,u
p,H


















Estatn [d1, . . . ,dn] electric fields
generated by charges OR currents
electric/magnetic 2n-point charges
I electric charge: E = −∇V
I magnetic current: E = −curl A
of moments (d1, . . . ,dn)
defined by an asymptotic process
J. Labat, V. Péron, S. Tordeux (EPC Magique 3D) Multiple electromagnetic scattering by small obstacles Journées Ondes Sud-Ouest, 03.2019 11 / 29
Near-field approximation: Spherical case
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1,n , . . . ,u
p,H
n,n ] p = 0, 1, 2, . . .
Order Dipole Quadrupole Octupole
Electric Magnetic Electric Magnetic Electric Magnetic
Near field
0 • •
1 • • • •
2 • • • • • •
• Electric field • Magnetic field
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Far-field approximation
Far from the obstacle: time-harmonic approximation










1,n , . . . , v
p,H
n,n ] p = 0, 1, 2, . . .
Dipole (n = 1) Quadrupole (n = 2)
div J− iω% = 0
En[d1, . . . ,dn] electric fields
generated by charges AND currents
I related by charge conservation principle
electric/magnetic 2n-point charges
I electric multipole: E = −∇VE + iκAE
I magnetic multipole: E = −curl AH
of moments (d1, . . . ,dn)
defined by an asymptotic process
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Far-field approximation
















Hn,mag[vp,H1,n , . . . , v
p,H
n,n ] + Hn,elec[v
p,E
1,n , . . . , v
p,E
n,n]
Order Dipole Quadrupole Octupole
Electric Magnetic Electric Magnetic Electric Magnetic
Far field
3 • • • •
4 • • • • • • • •
5 • • • • • • • • • • • •
• Electric field • Magnetic field
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Far-field approximation
















Hn,mag[vp,H1,n , . . . , v
p,H
n,n ] + Hn,elec[v
p,E




Order Dipole Quadrupole Octupole
Electric Magnetic Electric Magnetic Electric Magnetic
Far field
3 • • • •
4
5 • • • • • • • • • • • •
Collected dipolar approximation
Order Dipole Quadrupole Octupole
Electric Magnetic Electric Magnetic Electric Magnetic
Far field
3 • • • •
4
5 • • • •
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Born approximation








Each obstacle is modeled as a dipolar source around ck
Eδ,k (x) = E1,elec[dEδ,k ](x− ck ) + E1,mag[d
H
δ,k ](x− ck )
For perfectly conducting spheres:
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Foldy-Lax model
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Foldy-Lax model








Each obstacle is modeled as a dipolar source around ck
Eδ,k (x) = E1,elec[dEδ,k ](x− ck ) + E1,mag[d
H
δ,k ](x− ck )
Vectorial formulation (3-order approximation)
Find d =
(
(dE1), . . . , (d
E
Nobs




)> ∈ C6Nobs such that















Figure: Skeleton of A for Nobs = 4
J. Labat, V. Péron, S. Tordeux (EPC Magique 3D) Multiple electromagnetic scattering by small obstacles Journées Ondes Sud-Ouest, 03.2019 14 / 29
Foldy-Lax approximations
Approximation of order 3
d− δ3Ad = δ3f
Collected dipolar approximation
D−1d− δ3Ad = δ3f
where
D = diag(α, . . . , α︸ ︷︷ ︸
3Nobs
, β, . . . , β︸ ︷︷ ︸
3Nobs







D̃−1d− δ3Ad = δ3f
where
D̃ = diag(α̃, . . . , α̃︸ ︷︷ ︸
3Nobs











h(1)1 (κδ) + κδh
(1)′
1 (κδ)
J. Labat, V. Péron, S. Tordeux (EPC Magique 3D) Multiple electromagnetic scattering by small obstacles Journées Ondes Sud-Ouest, 03.2019 15 / 29
Foldy-Lax approximations
Approximation of order 3
d− δ3Ad = δ3f
Collected dipolar approximation
D−1d− δ3Ad = δ3f
where
D = diag(α, . . . , α︸ ︷︷ ︸
3Nobs
, β, . . . , β︸ ︷︷ ︸
3Nobs







D̃−1d− δ3Ad = δ3f
where
D̃ = diag(α̃, . . . , α̃︸ ︷︷ ︸
3Nobs











h(1)1 (κδ) + κδh
(1)′
1 (κδ)
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Numerical validation: Spherical case








































(b) Magnetic field (y -component)
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Single-scattering: Validation of asymptotic expansions
Near-field approximations
















Order 2 : ‖Eδ − Ê0( ·δ )− δÊ1(
·
δ
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Single-scattering: Validation of asymptotic expansions
Far-field approximations
Order 3 : ‖Eδ − δ3Ẽ3‖L2(Ω2λ
λ
)
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Multiple-scattering: Validation of Foldy-Lax model
Order 3: Born and Foldy
Collected dipole improvement: Collected Born and Collected Foldy


















































(p) Aligned obstacles with Nobs = 5 (δ-
dependence)
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Spectral method








Φ(x, y)pk (y) dsy
where Φ(x, y) = exp(iκ|x−y|)4π|x−y|
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Spectral method








Φ(x, y)pk (y) dsy









Γ pj = −n× E
inc on Γkδ








, Γkδ) is the extension of
M
kj






Φ(x, y)λ(y) dsy λ ∈ C∞(Γjδ) xΓ ∈ Γ
k
δ
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Spectral method








Φ(x, y)pk (y) dsy









Γ pj = −n× E
inc on Γkδ






pj,⊥n,m ∇S2 Yn,m(x̂j ) + p
j,×






and ∇S2 Yn,m, curlS2 Yn,m: complex-valued vector spherical harmonics
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Vectorial formulation




, Γkδ) such that
Nobs∑
j=1
〈MkjΓ pj , vk 〉Γk
δ
= −〈n× Einc, vk 〉Γk
δ





Vectorial formulation: Find p =
(




n,m ), . . . , (p
Nobs,×
n,m )
)> ∈ CN s.t.
M p = f
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Vectorial formulation
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Vectorial formulation: Find p =
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n,m ), . . . , (p
Nobs,×
n,m )
)> ∈ CN s.t.





Preconditionning (system & matrix)
Smart storage and assembling
• Numerical integration (Gauss-Lobatto)
• Large number of unknowns
• Dense matrix
• Code speed-up
• Linear algebra tools
• Sub-blocks Mkjαβ depend on djk
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Preconditionning
Linear system: Change of variable + Permutation + Normalization
Eδ = φδ(pδ) with M pδ = f Eδ = φ(p̃δ) with M̃ p̃δ = f̃
Dense matrix M̃
Error of approximation
Analytic preconditionner (e.g. dipole)
Algebraic preconditionner (small criterion)
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(a) Nobs = 4 and Nmod = 1










(c) Nobs = 4 and Nmod = 5
Figure: Skeletton of M̃
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J. Labat, V. Péron, S. Tordeux (EPC Magique 3D) Multiple electromagnetic scattering by small obstacles Journées Ondes Sud-Ouest, 03.2019 22 / 29
Preconditionning
Linear system: Change of variable + Permutation + Normalization
Eδ = φδ(pδ) with M pδ = f Eδ = φ(p̃δ) with M̃ p̃δ = f̃
Dense matrix M̃
Error of approximation
Analytic preconditionner (e.g. dipole)





(a) Nobs = 4 and Nmod = 1










(c) Nobs = 4 and Nmod = 5
Figure: Skeletton of Precond(M̃)
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Smart storage and assembling


























The sub-blocks Mkjαβ depend only on δ and djk
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Smart storage and assembling




























M̃Block = 1 2
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Smart storage and assembling


























1 − 21 − 3
Storage of sub-blocks
M̃Block = 1 2 1 3
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Smart storage and assembling


























1 − 21 − 31 − 4
Storage of sub-blocks
M̃Block = 1 2 1 3 1 4
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Smart storage and assembling


























1 − 21 − 31 − 4
2 − 1
Storage of sub-blocks
M̃Block = 1 2 1 3 1 4 2 1
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Smart storage and assembling






























M̃Block = 1 2 1 3 1 4 2 1 3 1
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Smart storage and assembling































M̃Block = 1 2 1 3 1 4 2 1 3 1 4 1
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Smart storage and assembling































M̃Block = 1 2 1 3 1 4 2 1 3 1 4 1
Iterative solvers: define the action of M̃Block on u
A(M̃Block,u) := M̃ u
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Smart storage and assembling







8(Nobs − 1) blocks






















M̃Block = 1 2 1 3 1 4 2 1 3 1 4 1
Nobs 4(Nobs)2 8(Nobs − 1) Ratio (%) M̃ (GB) M̃Block (GB)
100 40 000 792 1.98 5.76 · 10−3 1.15 · 10−4
1 000 4 000 000 7 992 1.998 · 10−3 5.76 · 10−1 1.15 · 10−3
3 000 36 000 000 23 992 6.664 · 10−4 4.01 3.45 · 10−3
10 000 400 000 000 79 992 1.9998 · 10−4 - - 1.15 · 10−2
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Numerical validation of spectral solutions
Incident field: Electromagnetic plane wave along
z-axis polarized by ex
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Comparison with asymptotic models

























(d) In the far-field domain 10























Modified Foldy Spectral 1
Nobs 100 1000 5000 10000 100 1000 5000 10000
Linear system 0.17 17.71 34.01 43.49 2.66 40.74 352.47 - -
Post-processing 5.25 47.84 254.34 459.90 12.17 126.81 > 3600 - -
Table: Time comparison in seconds
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Nobs 1 2 4
Size of linear system 30 60 120
L2-Accuracy (×10−6) 4.77 4.48 3.66
Time (s) 15.46 65.55 262.33
Memory (GB) 0.3 2.36 9.3
Finite Element 3
Nobs 1 2 4
Size of linear system 925 422 1 972 800 3 942 936
L2-Accuracy (×10−3) 0.28 2.27 3.31
Time (min) 26.5 54.25 147.25
Memory (GB) 21.11 36.97 75
Table: Computational costs
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Conclusions and Perspectives
Conclusion
3 Derivation and numerical validation of the matched asymptotic expansions
3 Extension to Born and Foldy-Lax models
3 Derivation and implementation at any order spectral method + Numerical validation
On-going work
∼ Comparison of preconditionners and iterative solvers
∼ Smart assembling for particular configurations (plane, cubic volume)
∼ Contribution to mathematical justification of the asymptotic expansions
Perspectives
7 Existence of electromagnetic centers?
7 Extension to obstacles of arbitrary shape
7 Extension to time-dependent domain
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Thank you for your attention
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